Abstract. The Hahn algebra encodes the bispectral properties of the eponymous orthogonal polynomials. In the discrete case, it is isomorphic to the polynomial algebra identified by Higgs as the symmetry algebra of the harmonic oscillator on the 2-sphere. These two algebras are recognized as the commutant of a o(2)⊕o(2) subalgebra of u(4) in the oscillator representation of the universal algebra U (u(4)). This connection is further related to the embedding of the (discrete) Hahn algebra in su(1,1) ⊗ su(1,1) in light of the dual action of the pair u(4),su(1,1) on the state vectors of four harmonic oscillators. The two-dimensional singular oscillator is naturally seen by dimensional reduction to have the Higgs algebra as its symmetry algebra.
Introduction
This paper is concerned with the Higgs algebra [1, 2, 3] and the discrete version of the Hahn algebra [4, 5] which actually designate two different but isomorphic presentations of the same algebra [3, 6] . We aim to establish that this algebra arises as the commutant of a o(2) ⊕ o(2) subalgebra of u(4) in the oscillator representation of the universal algebra U (u(4)). We will moreover point out that this relation that the Higgs and Hahn algebras have with u(4) is in duality, in the sense of Howe [7, 8, 9] , with the one they are known to have with su(1, 1) ⊗ su(1, 1) [10, 11] . Let us start with some background.
The Hahn algebra has three generators K 1 , K 2 and K 3 subjected to the relations
where {A, B} = AB + BA and a, b, c 1 , c 2 , d 1 , d 2 are structure constants. This algebra describes the eigenvalue problems of both the discrete and continuous Hahn polynomials [12] . We shall henceforth consider the discrete case where c 2 < 0 and which is realized by the bispectral operators of the Hahn polynomials (see [13] for instance).
In this case, upon performing the affine transformation The Hahn algebra admits an embedding in su(1, 1) ⊗ su(1, 1) that we shall describe in details later as it is germane to our analysis. This observation underscores its connection to the Clebsch-Gordan problem for su(1, 1) (and su (2)). The Higgs algebra can be viewed as a polynomial deformation of su (2) . It has three generators D, A + , A − satisfying the following commutation relations:
with α 1 , α 2 central elements. That the Higgs algebra is isomorphic to the discrete Hahn algebra is readily seen by taking 5) and observing that the commutation relations (1.3) then follow from (1.4) with
Historically, the algebra defined in (1.4) was found by Higgs, hence the name, as the one realized by the conserved quantities of the Coulomb problem and harmonic oscillator on the two-sphere. It can be viewed as a deformed su(2) algebra [14] or a truncation of the quantum algebra U q (sl(2)) [6] . This algebra has been identified as the symmetry algebra of the Hartmann [4] and of certain ring-shaped potentials [5] as well as the singular oscillator in two dimensions [2, 3] . The Higgs algebra has moreover emerged in the Heisenberg quantization of identical particles [15] . Furthermore, it has been seen to coincide with the finite quantum W-algebra W(sp(4), 2sl(2)) [16, 17] . (For a review of finite W-algebras and their applications, see [18] .) Similarly to the Hahn case, the Racah algebra [3, 10, 19] is realized by the bispectral operators of the corresponding polynomials. It admits an embedding in
⊗3 with the intermediate Casimir elements representing the generators. The
Hahn algebra can be obtained through a contraction of the standard presentation of the Racah algebra in a way that parallels the limit that takes the Racah polynomials into those of Hahn [12] . A generalization of the Racah algebra to higher ranks is found in [20] .
Recently the Racah algebra has been interpreted in a Howe duality framework and shown to be a commutant [21] in the enveloping algebra of o(6), the Lie algebra of the rotation group in six dimensions. An extension of this result to the generalized Racah algebra is given in [22] . An analogous treatment of the Bannai-Ito algebra [23, 24, 25] , which is in a sense a supersymmetric version of the Racah algebra, was also achieved in [26] . These advances raised the question of how to describe the Higgs algebra from a Howe duality perspective. The answer to this question will be provided here with the significant merit of expanding and interconnecting the various descriptions of the Higgs and Hahn algebras. The remainder of the paper is organized as follows. As preparation background, familiar results on the metaplectic representation of su(1, 1) and the embedding of u (4) in the Heisenberg-Weyl algebra will be reviewed in Section 2. The Higgs algebra will be obtained as the commutant of o(2) ⊕ o(2) in U (u(4)) in Section 3. The embedding of the Hahn algebra into su(1, 1) ⊗ su(1, 1) will be described in Section 4. The two pictures of the Higgs/Hahn algebra presented in Sections 3 and 4 will be connected via the Howe dual pair u(4), su(1, 1) that acts on the state vectors of the four-dimensional oscillator.
Dimensional reduction will be used in Section 6 to recover the fact that the symmetries of the singular oscillator in two dimensions generate the Higgs algebra. The paper will end with a summary of the findings and an outlook.
su(1, 1), u(4) and oscillators
We shall be dealing with the Heisenberg-Weyl algebra W(n) generated by n pairs of oscillator operators a i , a † i
The number operators N i = a † i a i are such that
In the position coordinates x i , i = 1, . . ., n these operators read
The Lie algebra su(1, 1) has generators J 0 , J + , J − obeying the commutation relations
Its Casimir element is given by
Owing to the fact that su(1, 1) has a trivial coproduct, J
with J
(1)
. This fact and the notation extend to su (1, 1) ⊗n .
The metaplectic representation of su(1, 1) is defined by the following map in W(1):
It consists in two irreducible components over the eigenstates of N i = a † i a i with either even or odd eigenvalues. The Casimir element C has value −3 / 16 in that representation. In the following we shall consider J The Lie algebra u(4) with generators E i j , i, j = 1, . . ., 4 admits the following realization à la Schwinger in W(4):
The Hamiltonian of the isotropic harmonic oscillator in four dimensions:
a j ] = 0, and should be excluded from the 16 independant a † i a j to deal with u(4) per se. In this oscillator representation, the so(4) subalgebra of u (4) is spanned by the infinitesimal rotation generators
with commutation relations
The Higgs algebra as a commutant in U (u(4))
We are now ready to obtain our first main result, namely that the Higgs algebra can be defined as a commutant. Pick the o(2) ⊕ o(2) subalgebra of u(4) generated by L 12 and
We want to concentrate on the commutant of this subalgebra in U (u(4)). We are thus looking for polynomials in the generators a † i a j , i, j = 1, . . ., 4 that are invariant under rotations in both the (1 − 2)-and (3 − 4)-planes. It is not difficult to convince oneself that an integrity basis for that set is provided by the three operators
2 )(a 3 2 + a 4 2 )
2 )
A ± and D are manifestly invariant under the rotations generated by L 12 and L 34 and they clearly commute with H (thus belonging to U (u(4))). All other elements of the commutant are built from those. Let us now determine the commutation relations of these generators. It is immediate to see that
There remains to evaluate [A + , A − ]. Observe first that one has the following identities:
as well as
A straightforward computation yields
which with the help of (3.3) and (3.4) is readily converted to
upon substituting and after some algebra, one obtains
Since H, L 12 , L 34 commute with all the generators, we thus conclude comparing with (1.4) that indeed the Higgs algebra is the commutant in U (u(4)) of o(2) ⊕ o(2) with the structure "constants" given by
This provides a most simple characterization of the Higgs algebra. We can translate these results in terms of the Hahn presentation. Substituting (3.1) in (1.5), using formula (3.4) and keeping in mind the expression for α 1 given in (3.9), one arrives at the following nice expressions
knowing that these operators will satisfy the commutation relations of the Hahn algebra given in (1.3) with Let us here indicate how the Hahn algebra is embedded in the tensor product of su(1, 1) with itself. Let ∆ : su(1, 1) → su(1, 1) ⊗ su(1, 1) be the coproduct homomorphism with
• in the superscript notation introduced in Section 2. Consider the following identification [10, 11] :
that is K 2 is the image of the Casimir element under the coproduct. It is clear that the computation of the overlaps coefficients between the eigenbases of those two operators corresponds to the Clebsch-Gordan problem for su(1, 1).
A simple calculation gives
with C (1) = C ⊗ 1, C (2) = 1 ⊗ C in keeping with the adopted notation. Let
one finds
One can now proceed to determine the commutators of K 3 with K 1 and K 2 and one gets:
While the first is immediately obtained, a little bit of algebra involving the su(1, 1) commutation relations and its Casimir operator gives the second. Note that J
0 is central since it commutes with K 1 and K 2 by construction. We recognize in (4.4) the commutation relations (1.3) of the (centrally extended) Hahn algebra with
We thus have with the formulas (4.1), the embedding of the Hahn algebra in
. What relation this has to do with the commutant picture will be adressed next.
The Howe duality connection
We shall now indicate that the two descriptions of the Hahn algebra presented in Section 3 and 4 can be connected through Howe duality. It is known (see in particular [9] ) that there is a pairing between the representations of u(4) and su(1, 1) that act in a mutually commuting way on the state space of the four-dimensional harmonic oscillator. We shall exploit this to show that the embedding of the Hahn algebra in the double tensor product of one algebra of the pair, su(1, 1), is in duality with the commutant of so(2) ⊕ so(2) in the universal algebra of the other algebra of the pair, u(4).
Let us consider the addition of four metaplectic representations (2.6) grouped in two pairs, that is take
We shall put J 
• and J
• of Section 4. In this model,
which is identical with the expression in (3.10) for K 1 arising from the commutant approach. For K 2 we have Using (5.2), this becomes
and with the help of formulas (3.3) and (3.4), we have
This can be rewritten as
which coincides with the expression that was found when looking for generators commuting with L 12 and L 34 . Recall that we also found that the expression (5.7) can identically be reexpressed as is given by the square of the corresponding rotation generator in u(4), namely
It follows that the structure constants become on the basis of (4.5):
in perfect correspondance with (3.11). Of course
Owing to the pairing of the su(1, 1) and u(4) representations under Howe duality, it is found that the embedding of the Hahn algebra into su(1, 1) ⊗ su(1, 1) leads to its description as a commutant in U (u(4)).
Dimensional reduction and the singular oscillator in two dimensions
We shall now carry the dimensional reduction of the four-dimensional isotropic harmonic oscillator under the O(2) × O(2) action to identify in this way the Higgs/Hahn symmetry of the singular oscillator in the plane.
Make the change of variables 
The Hamiltonian of the singular oscillator in two dimensions is thus given by
The constants of motion are clearly
We know from our construction that these will close to form the Hahn algebra. The (reduced) Casimir
is easily computed and one finds
This approach, which combines the commutant viewpoint via the dimensional reduction under the torus group action and the su(1, 1) embedding through the metaplectic representation, provides an alternative and straightforward way of showing that the Hahn algebra is the symmetry algebra of the singular oscillator.
Conclusion
This paper has provided a synthetic description of the Higgs and Hahn algebras in light of Howe duality. With the understanding that the Higgs and the (discrete)
Hahn algebras are isomorphic, we have shown that this algebra can be viewed as a commutant in U (u(4)). It has also been recalled that it can be embedded in the tensor product of su(1, 1) with itself. The two approaches have been linked in view of the fact that u(4) and su(1, 1) form a dual pair on the state space of the harmonic oscillator in four dimensions. This has also provided context to identify the Hahn symmetry of the singular oscillator in two dimensions through dimensional reduction. In this respect, one might think of obtaining the higher rank Hahn algebras and by that token the symmetries of the singular oscillator in higher dimensions, by considering the commutant of the sum of n o(2)'s in u(2n). Take for instance n = 3. the resulting commutant in U (u(6)) would have as subalgebras two Hahn algebras associated to the (12) and (23) coordinate sectors as well as the Racah algebra also, since we know [21] it is the commutant of o(2) ⊕ o(2) ⊕ o(2) in U (so(6)) ⊂ U (u(6)). The entire mixed Hahn-Racah algebra will be an interesting deformation of su(3). Its analysis would certainly warrant particular attention as this algebra will encompass in particular the properties of the connection coefficients for the various separated solutions of singular oscillators in higher dimensions [27, 28] . We plan to return to this question from this angle.
We would also wish to determine if some Howe duality operates in the case of the algebras, like the Askey-Wilson one, associated to q-polynomials. Examining the qHahn algebra to that end in the wake of the present study might prove illuminating and is in our plans.
